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Abstract
Diffraction-based methods have become an invaluable tool for the detailed assessment of residual strain and stress
within experimental mechanics. These methods typically measure a component of the average strain within a gauge
volume. It is common place to treat these measurements as point measurements and to interpolate and extrapolate
their values over the region of interest. Such interpolations are not guaranteed to satisfy the physical properties of
equilibrium and applied loading conditions. In this paper, we provide a numerically robust algorithm for inferring
two dimensional, biaxial strain fields over a region of interest from diffraction-based measurements that satisfies
equilibrium and any known loading conditions. By correctly treating the measurements as gauge volume averages
rather than point-wise the algorithm has better performance when large gauge volumes and subsequently shorter
beam-times are used. This algorithm is demonstrated on simulation and experimental data and compared to natural
neighbour interpolation with linear extrapolation and is shown to provide a more accurate strain field.
Keywords: Residual strain; Neutron diffraction; Gaussian Processes
1. Background
Neutron and X-ray scattering techniques provide a
range of diffraction-based methods for measuring elas-
tic strain (and hence stress) within polycrystalline solids
[1, 2, 3]. These techniques are widely applied in the as-
sessment of residual stress within engineering compo-
nents (e.g. [4]) and in the validation of numerical mod-
els. They have become an invaluable tool across a wide
range of areas in experimental mechanics.
In the vast majority of cases, these instruments mea-
sure strain in a point-wise fashion where individual
components are measured as an average over a gauge
volume defined by a slit or collimator system [5]. For
example, Figure 1 shows a typical experimental setup
for constant wavelength neutron based strain measure-
ment on instruments such as KOWARI at ANSTO
[6, 7, 8] in Australia or SALSA at ILL [9, 10, 11]
in France. In this approach each strain measurement
relies upon accurately measuring the Bragg angle, θ,
for a given wavelength, λ, from which an average lat-
tice spacing within the gauge volume can be calculated
through Bragg’s law; λ = 2d sin θ. The average elastic
strain within the gauge volume is then given by;
κ =
d − d0
d0
, (1)
where κ = 〈i jκiκ j〉 is the average normal strain in the
direction κ (unit vector), d is the measured lattice spac-
ing and d0 is an equivalent un-deformed reference spac-
ing.
The full assessment of a strain field typically revolves
around measuring multiple components over a mesh of
points within a sample from which the full biaxial or
triaxial strain distribution can be calculated and interpo-
lated. Given the fact that the measurement refers only
to the elastic component of strain, Hooke’s law can then
be used to infer the distribution of the stress tensor.
The practical reality is that beam time is limited and
detailed measurements can be time consuming. This
often drives a compromise in terms of the number of
points that can be investigated and the size of the gauge
volume used to perform these measurements. Large
gauge volumes reduce sampling times for a given level
of uncertainty, however this is at the cost of spatial reso-
lution. Due to the averaging involved, the full amplitude
of the strain field may not be captured.
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Figure 1: Typical constant wavelength strain measurement geometry (adapted from [ref]).
It is common practice to interpolate (and extrapo-
late) the strain fields from these measurements, treating
the measurements as point measurements rather than as
averages. However, there is no guarantee these inter-
polations will satisfy equilibrium conditions. Further-
more, there are often known boundary conditions (sam-
ple loading) which are not taken into account and vio-
lated by the interpolation.
Gaussian Process (GP) regression provides a non-
parametric method for inferring functions from mea-
sured data. Recently, this method was demonstrated to
be an excellent approach for tomographic reconstruc-
tion of strain fields from Bragg-edge neutron transmis-
sion measurements [12]. Through this work a GP model
has been designed such that inferred strain fields auto-
matically satisfy equilibrium. This approach has also
been extended to include knowledge of boundary trac-
tions in [13].
In this paper, we extend the GP approach to a
new problem involving the robust inference of two-
dimensional strain fields from diffraction based mea-
surements. This principally involves the derivation and
adaptation of a different measurement model to the GP
model for strain. We also derive a more flexible noise
model for the application of traction constraints and
present a robust GP algorithm that relies on QR factori-
sations [14] rather than the conventional cholesky de-
composition.
This new approach is demonstrated in both simu-
lation and on experimental data where significant im-
provements in accuracy and/or beamtime requirements
were apparent.
2. Method
A detailed description of GP regression can be found
elsewhere (e.g. [15]). To provide context in this set-
ting, we provide a brief overview of the method in Sec-
tion 2.1. Section 2.2 then summarises the GP frame-
work for modelling strain [12] and the inclusion of
traction constraints [13]. In Sections 2.3, 2.4, and 2.5
we contribute a method for inferring strain fields from
diffraction measurements and provide the details of a
numerically robust implementation.
2.1. GAUSSIAN PROCESS RESGRESSION
A GP is a generalisation of the multivariate Gaus-
sian probability distribution to a Gaussian distribution
of functions, f(x). This distribution is uniquely de-
fined over the spatial coordinate x by a mean function
2
m(x) = E [f(x)], and a covariance function K(x, x′) =
E
[
(f(x) −m(x)) (f(x′) −m(x′))T
]
, where E refers to the
expected value of the relevant quantity.
For example, we can define the distribution of a
scalar function to consist of a finite series of polyno-
mial basis functions f (x) = φ(x)Tw, where φ(x) =
(1, x, x2, . . . , xn)T and the weights have a prior distribu-
tion w ∼ N(0,Σp)1. In this case the GP will have a
prior (i.e. before the inclusion of measurements) mean
and covariance function given by;
m(x) = φ(x)TE[w] = 0,
K(x, x′) = φ(x)TE[wwT ]φ(x′) = φ(x)TΣpφ(x′),
(2)
where the prior mean function is zero as the weights
had prior distributions with mean zero. Note that the
assumption of zero mean is for convenience; in any pro-
cess of fitting the model to measurements, the mean and
covariance functions will be updated. If a more appro-
priate prior assumption is known, it can be used.
In this form, the covariance function is given by the
outer product of a finite set of basis functions. More
generally, any function that generates a positive definite
symmetric covariance can be used. A common choice
is the squared-exponential;
K(x, x′) = σ2f exp(−
1
2
|x − x′|2), (3)
which corresponds to a Bayesian linear regression
model with an infinite number of basis functions [15].
GP regression refers to the estimation of function val-
ues at specified inputs given a set of measurements of
the form;
y = Lx[f(x)] + b + e, (4)
where e ∼ N(0, σ) represents measurement noise, b is a
constant bias term2, and the measurement modelLx is a
linear operator. Note that, in the case where the operator
contains integrals or derivatives, the superscript denotes
the variable with which the operator is in respect to.
As GPs are closed under linear operators [16, 17, 18],
a finite set of measurements Y = {y1, . . . , yN} for inputs
x1, . . . , xN and the function value evaluated at any given
point, x∗, are jointly Gaussian of the form;[
Y
fˆ(x∗)
]
∼ N
([
µy
m(x∗)
]
,
[
Kyy′ + Σn Ky∗
KTy∗ K(x∗, x∗)
])
1The notation, v ∼ N (µ,Σ) indicates that the vector v is a nor-
mally distributed random variable with mean µ and variance Σ.
2The bias term b can be included in the linear operator. However,
here it is kept separate for clarity.
where Σn = diag(σ1, . . . , σn) is a diagonal matrix con-
taining the variance of each measurement,
µy =

Lx1m(x1) + b1
...
LxNm(xN) + bN
 , Ky∗ =

Lx1K(x1, x∗)
...
LxNK(xN , x∗)

and
Kyy′ =

Lx1K(x1, x1)Lx1T · · · Lx1K(x1, xN)LxN T
...
. . .
...
LxNK(xN , x1)Lx1T · · · LxNK(xN , xN)LxN T

A posterior estimate of fˆ(x∗) ∼ N(µf∗ |Y,Σf∗ |Y) based on
the measurements can be then written as; [15]
µf∗ |Y = m(x∗) + K
T
y∗
(
Kyy′ + σ2nI
)−1
(Y − µy),
Σf∗ |Y = K(x∗, x∗) −KTy∗
(
Kyy′ + σ2nI
)−1
Ky∗.
(5)
To sumarise, the estimate of the value of a function
from a set of measurements is found through the fol-
lowing process;
First, a prior distribution for the function is assumed
and m(x) and K(x∗, x∗) calculated for the locations of
interest. The measurement geometry is then used to cal-
culate a prior estimate of the measurements mean µy,
and the covariances Kyy′ and Ky∗. Finally, these terms
along with the measurement values Y provide a poste-
rior estimate of the function using Equation (5).
Conceptually, if we were to estimate values of an un-
known scalar function using GP regression with mean
and covariance function given by (2), then this could be
thought of as fitting a finite series of polynomials to the
measurements. In the case where (3) is used, the series
is effectively infinite.
For a more in-depth discussion on GPs see [15] and
for details on their application to vector valued functions
see [18].
2.2. GAUSSIAN PROCESS STRAIN FIELD
A GP suitable for the estimation of two-dimensional
strain fields satisfying equilibrium was shown in [12]
and this method was extended to include knowledge of
a sample’s boundary conditions, primarily the lack of
surface tractions, in [13]. A summary of this method is
first provided before detailing the equations required to
perform estimation from diffraction based strain mea-
surements.
We define a GP for a distribution of Airy’s Stress
functions, ϕ(x), where x = [x y]T , from which we can
define a stress field as σxx(x) = ∂
2ϕ(x)
∂y2 , σyy(x) =
∂2ϕ(x)
∂x2 ,
3
and σxy(x) = ∂
2ϕ(x)
∂x∂y . Through Hooke’s law, under an
assumption of plane stress, this provides strain of;
E(x) =

∂2
∂y2 − ν ∂
2
∂x2
−(1 + ν) ∂2
∂x∂y
∂2
∂x2 − ν ∂
2
∂y2
︸           ︷︷           ︸
Vx
ϕ(x) = Vxϕ(x), (6)
where E = [xx, xy, yy]T , and ν is poisson’s ratio.
The distribution of ϕ(x) is assumed to have mean
mϕ(x) = 0, and covariance Kϕ(x, x′). This allows us
to write a GP for the strain field with mean function
m = Vxmϕ(x) = 0 and covariance function
K(x, x′) = VxKϕ(x, x′)Vx′T . (7)
As stress and hence strain calculated from an Airy’s
stress function satisfy equilibrium, any strain field esti-
mated based on measurements using this GP will inher-
ently satisfy equilibrium. Although many options ex-
ist for the choice of covariance function, the squared-
exponential is used in this work as it has previously
been shown to be suitable for reconstructing strain fields
in [12]. The shorthand Kϕ = Kϕ(x, x′) and K =
K(x, x′) will be used where appropriate.
Estimation of the strain field can be improved by in-
cluding any knowledge of the loading a sample is sub-
ject to. For example, in many cases where residual stain
is of interest, there are no in-situ loads and an assump-
tion of zero traction can be applied to the external sur-
faces. This can be achieved by incorporating artificial
zero-traction measurements with no variance on the free
surfaces of the sample. As well as insuring the average
strain within the sample is correct, this approach was
shown to dramatically improve estimates of strain near
the boundary [13].
Assuming plane stress, the traction at a surface loca-
tion, xs can be calculated by
T=
[
n1 n2 0
0 n1 n2
]
E
1 − ν2
1 0 ν0 1 − ν 0
ν 0 1
︸                                  ︷︷                                  ︸
C
E(xs) =CE(xs) (8)
where n = [n1 n2]T is the surface normal at xs. This
allows the prior joint distribution of a strain E∗ at x∗
and a set of traction observations, TP = [T1, . . . ,TP] at
surface points [xs1, . . . , xsP], to be written as[
TP
E∗
]
∼ N
([
0
0
]
,
[
KTT KT 
KTT  K
])
,
where
KT  =

CK(xs1, x∗)
...
CK(xsP, x∗)

KTT =

CK(xs1, xs1)CT · · · CK(xs1, xsP)CT
...
. . .
...
CK(xsP, xs1)CT · · · CK(xsP, xsP)CT

2.3. STRAIN FIELD ESTIMATION
While traditionally measurements are considered to
be of the form (1), this requires knowledge of the refer-
ence spacing d0. In practice, this can often be problem-
atic and involve the destruction of the sample. For this
reason we use the lattice spacing measurements directly
in our formulation of the GP. This has the flexibility of
either using a known d0 or estimating its value (see Sec-
tion 2.5). The measurement model then becomes;
d(η) =
d0
V
∫
G
κT (x)κ dV + d0 + e, (9)
where η = {κ,G}, κ is the measurement direction unit
vector, G is the gauge volume, and e ∼ N(0, σ).
In order to estimate the values of the strain field from
a set of diffraction measurements subject to traction
constraints, we require the prior joint distribution of the
measurements, d = [d1, . . . , dn]T , the traction observa-
tions TP, and the strain at the location we desire an es-
timate E∗ = E(x∗);dTE
 ∼ N

d000
 ,
K + ΣN KdT KdKTdT KTT KT KTd KTT  K

 ,
where d0 is an n by 1 vector of the un-deformed lattice
spacing.
For two-dimensional strain fields, three unique mea-
surement directions—κ1, κ2, and κ3—are required in or-
der to accurately reconstruct the cartesian strain compo-
nents; xx, yy, and xy. These measurement directions
can be chosen by examining the mapping from cartesian
strains to the normal strains in the measurement direc-
tions given by κ1κ2
κ3
 =
κ¯1κ¯2
κ¯3
︸︷︷︸
M
xxxy
yy

where κ¯ =
[
κ2x 2κxκy κ
2
y
]
. We require M to be invert-
ible and hence the measurement directions are chosen to
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provide a well conditioned mapping. Measurement di-
rections typically used are; κ1 =
[
1 0
]T
, κ2 =
[
0 1
]T
,
and κ3 =
[
1√
2
1√
2
]T
. Which give volumetric averages
of xx, yy, and xy + 12 (xx + yy) respectively—allowing
for easy use within more traditional point-based inter-
polation approaches.
The measurement model (9) can be written in vector
form as
d(η) =
d0
V
∫
G
κ¯E(x) dV + d0 + e,
d(η) = LxηE(x) + d0 + e,
(10)
where and the linear operator represents Lxη =
d0 κ¯
V
∫
G
(·) dV .
The required covariance terms are now given by;
Kd =

Lx1η1K(x1, x∗)
...
LxNηNK(xN , x∗)
 ,
Kdd =

Lx1η1K(x1, x1)Lx1η1T · · · Lx1η1K(x1, xN)LxNηN T
...
. . .
...
LxNηNK(xN , x1)Lx1η1T · · ·LxNηNK(xN , xN)LxNηN T
 ,
KdT =

Lx1η1K(x1, xs1)CT · · · Lx1η1K(x1, xsP)CT
...
. . .
...
LxNηNK(xN , xs1)CT · · ·LxNηNK(xN , xsP)CT
 .
(11)
Estimation of strain can now be performed from
diffraction strain measurements subject to traction con-
straints using (5). However, in its present form this esti-
mation has a prohibitive computational cost. This high
computation time is due to the need to numerically ap-
proximate the integrals in (11). Except for trivial special
cases where all the gauge volumes have sides in-line
with the x and y coordinates, an analytical solution to
the volume integrals is not apparent. An alternative is to
implement an approximation scheme.
2.4. IMPLEMENTATION
An approximation scheme is implemented to reduce
the computation time. The scheme selected allows for
an analytic solution to (11) removing the need for nu-
merical evaluation of volume integrals.
The squared-exponential covariance function can be
approximated by a finite sum of m basis functions as in
[19];
Kϕ(x, x′) =
m∑
j
φ j(x)Σp, j jφ j(x′) = Φ(x)ΣpΦ(x′)T , (12)
where each column of Φ(x) is a basis function φ j(x) and
Σp, j j is its spectral density;
φ j(x) =
1√
LxLy
sin(λx j(x + Lx)) sin(λy j(y + Ly)),
Σp, j j = σ
2
f 2pilxly exp
(
−1
2
(
l2xλ
2
x j + l
2
yλ
2
y j
))
.
(13)
Loosely speaking, Lx, Ly, λx j and λy j control the fre-
quency and phase of the basis functions. For our ap-
plication they were chosen such that the basis functions
spanned a region where their spectral densities, Σp j j,
were greater than a minimum threshold. This helps to
ensure that the dominant frequencies of the response are
captured while maintaining numerical stability.
To apply this approximation to the problem of esti-
mating strain from diffraction measurements we are re-
quired to map the basis functions through (7), (8), and
(10) giving the matrices;
Φ∗, j = φ, j(x∗) = Vxφ j(x∗),
Φd,i j = φd, j(ηi) = Lxηiφ, j(x) i = 1, . . . ,N,
ΦT,k j = φT, j(xs,k) = Cφ, j(xs,k) k = 1, . . . , P,
The evaluation of these basis functions is found in
Appendix A. Instead of forming the full joint prior dis-
tribution and calculating an estimate using (5), which
scales badly with N + P [15], an estimate of E∗ = E(x∗)
and its variance can be calculated by
µ∗ |Y = Φ∗
(
ΦY (x)TΣ−1Y ΦY (x) + Σ
−1
p
)−1
ΦY (x)TΣ−1Y (Y − µy)
Σ∗ |Y = Φ∗
(
ΦY (x)TΣ−1Y Φ(x) + Σ
−1
p
)−1
ΦT∗ ,
where Φy = [ΦTd Φ
T
T ]
T , Y = [dT (TP)T ]T and Σy =
diag(σ1, . . . σN , 01×P), µy = [d0,1×N 01×P]T , and Σn =
diag(σi, . . . , σn). This reduces the complexity of the re-
gression from O
(
(N + P)3
)
to O
(
(N + P)m2
)
[15]. In
contrast to the equations given in [15, 19] this does
not assume all measurements to have the same variance
which is necessary for the inclusion of traction con-
straints as traction ’measurements’ have zero variance.
A robust implementation of these equations is found
in Algorithm 1, where the calculation of of Σ−
1
2
n and
Σ
− 12
p is trivial as both matrices are diagonal. The use
of QR factorisation instead of the Cholesky algorithm
5
more routinely used provides greater numerical stability
and does not require ΦY (x)TΣ−1Y ΦY (x) + Σ
−1
p to be posi-
tive definite. This is important during parameter optimi-
sation during which particular parameter choices could
cause the equations to become ill-conditioned. Ame-
liorating the ill-conditioning of this matrix affords for a
larger region of attraction for the optimisation problem.
Algorithm 1: Compute mean and variance
Input : Φ∗(Estimation basis functions),Y
(measurements), µy (prior measurement
mean), ΦY (Measurement basis
functions), Σy (measurement variance),
Σp (basis function spectral densities)
1 A :=
Σ−
1
2
y Φy(x)
Σ
− 12
p

2 R := qr(A)
3 Ci j := Ri j ∀i = 1, . . . ,m,∀ j = 1, . . . ,m
4 α := C−1(C−T (Φy(x)TΣ−1y (Y − µy)))
5 µ∗ |Y := Φ∗α
6 Σ∗ |Y := Φ∗(C−1(C−TΦT∗ ))
2.5. PARAMETER OPTIMISATION
The squared-exponential covariance function is gov-
erned by the parameters θ = {lx, ly, σ f }. These parame-
ters can be determined by an optimisation process where
we maximise the marginal log likelihood of the mea-
surements [15]:
θ∗ = argmax
θ
[
−1
2
log det(Kdd + Σn) − 12d
T (Kdd + Σn)−1d
]
When the approximation shown in Section 2.4 is used
Kdd is replaced with ΦdΣpΦTd and the expressions for
the log likelihood and its derivatives are given in Ap-
pendix B. The parameters can then be determined us-
ing a suitable gradient-based method such as the BFGS
algorithm in [20].
Additionally, d0 can be included in the set of parame-
ters that are optimised. This requires that we include the
traction observations into the marginal log-likelihood.
As the average strain within the sample is defined by the
sample’s boundary tractions (see [21]) and variations in
d0 alter the average strain of the reconstuction, it fol-
lows that the maginal log likelihood will be maximised
for the true d0 value.
3. RESULTS
3.1. SIMULATION
The classical cantilevered beam (see Figure 2) is used
to demonstrate the method and provide a comparison
to standard interpolation. Assuming plane stress, the
Saint-Venant approximation to the strain field is [22]:
E(x) =

P
EI (L − x)y
− (1+ν)P2EI
((
h
2
)2 − y2)
− νPEI (L − x)y
 (14)
h
<latexit sha1_base64="tznJ5l2ae4xkmpo8iX0nAmXub7k=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYh VL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazIsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bH jonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyD BzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AyveM4g==</latexit><latexit sha1_base64="tznJ5l2ae4xkmpo8iX0nAmXub7k=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYh VL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazIsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bH jonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyD BzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AyveM4g==</latexit><latexit sha1_base64="tznJ5l2ae4xkmpo8iX0nAmXub7k=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYh VL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazIsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bH jonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyD BzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AyveM4g==</latexit><latexit sha1_base64="tznJ5l2ae4xkmpo8iX0nAmXub7k=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYh VL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazIsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bH jonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyD BzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AyveM4g==</latexit>
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<latexit sha1_base64="wy0EiCbXlRZnjxe0JHZa2rKsBmI=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYh VL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSwzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh 87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0bqqeW/Vat5VGPY+jCBdwCdfg QQ0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/RB4zm</latexit><latexit sha1_base64="wy0EiCbXlRZnjxe0JHZa2rKsBmI=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYh VL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSwzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh 87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0bqqeW/Vat5VGPY+jCBdwCdfg QQ0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/RB4zm</latexit><latexit sha1_base64="wy0EiCbXlRZnjxe0JHZa2rKsBmI=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYh VL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSwzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh 87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0bqqeW/Vat5VGPY+jCBdwCdfg QQ0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/RB4zm</latexit><latexit sha1_base64="wy0EiCbXlRZnjxe0JHZa2rKsBmI=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYh VL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSwzLFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh 87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0bqqeW/Vat5VGPY+jCBdwCdfg QQ0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/RB4zm</latexit>
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<latexit sha1_base64="hKSgFSD7v8QS+Xn0xIkMciP3fvA=">AAAB6HicbVDL SsNAFL2pr1pfVZduBovgqiQi2GXBjcsW7APaIJPpTTt2MgkzE6GEfoEbF4q49ZPc+TdO2iy09cDA4ZxzmXtPkAiujet+O6WNza3tnfJuZW//4PCoenzS1XGqGHZYLGL VD6hGwSV2DDcC+4lCGgUCe8H0Nvd7T6g0j+W9mSXoR3QsecgZNVZqtx6qNbfuLkDWiVeQGhSw+a/hKGZphNIwQbUeeG5i/Iwqw5nAeWWYakwom9IxDiyVNELtZ4tF5 +TCKiMSxso+achC/T2R0UjrWRTYZETNRK96ufifN0hN2PAzLpPUoGTLj8JUEBOT/Goy4gqZETNLKFPc7krYhCrKjO2mYkvwVk9eJ92ruufWvfZ1rdko6ijDGZzDJXhw A024gxZ0gAHCM7zCm/PovDjvzscyWnKKmVP4A+fzB6aXjMo=</latexit><latexit sha1_base64="hKSgFSD7v8QS+Xn0xIkMciP3fvA=">AAAB6HicbVDL SsNAFL2pr1pfVZduBovgqiQi2GXBjcsW7APaIJPpTTt2MgkzE6GEfoEbF4q49ZPc+TdO2iy09cDA4ZxzmXtPkAiujet+O6WNza3tnfJuZW//4PCoenzS1XGqGHZYLGL VD6hGwSV2DDcC+4lCGgUCe8H0Nvd7T6g0j+W9mSXoR3QsecgZNVZqtx6qNbfuLkDWiVeQGhSw+a/hKGZphNIwQbUeeG5i/Iwqw5nAeWWYakwom9IxDiyVNELtZ4tF5 +TCKiMSxso+achC/T2R0UjrWRTYZETNRK96ufifN0hN2PAzLpPUoGTLj8JUEBOT/Goy4gqZETNLKFPc7krYhCrKjO2mYkvwVk9eJ92ruufWvfZ1rdko6ijDGZzDJXhw A024gxZ0gAHCM7zCm/PovDjvzscyWnKKmVP4A+fzB6aXjMo=</latexit><latexit sha1_base64="hKSgFSD7v8QS+Xn0xIkMciP3fvA=">AAAB6HicbVDL SsNAFL2pr1pfVZduBovgqiQi2GXBjcsW7APaIJPpTTt2MgkzE6GEfoEbF4q49ZPc+TdO2iy09cDA4ZxzmXtPkAiujet+O6WNza3tnfJuZW//4PCoenzS1XGqGHZYLGL VD6hGwSV2DDcC+4lCGgUCe8H0Nvd7T6g0j+W9mSXoR3QsecgZNVZqtx6qNbfuLkDWiVeQGhSw+a/hKGZphNIwQbUeeG5i/Iwqw5nAeWWYakwom9IxDiyVNELtZ4tF5 +TCKiMSxso+achC/T2R0UjrWRTYZETNRK96ufifN0hN2PAzLpPUoGTLj8JUEBOT/Goy4gqZETNLKFPc7krYhCrKjO2mYkvwVk9eJ92ruufWvfZ1rdko6ijDGZzDJXhw A024gxZ0gAHCM7zCm/PovDjvzscyWnKKmVP4A+fzB6aXjMo=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDN SgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jn mFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk 7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI 4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="tnntUTxXcxOWd0f4qj9iCThv/j4=">AAAB3XicbVDL SgNBEOyNrxijRq9eBoPgKex60aPgxWMC5gHJIrOT3mTM7Owy0yuEJV/gxYMi/pY3/8bJ46CJBQ1FVTfdXVGmpCXf//ZKW9s7u3vl/cpB9fDouHZS7dg0NwLbIlWp6UX copIa2yRJYS8zyJNIYTea3M397jMaK1P9QNMMw4SPtIyl4OSkVvOxVvcb/gJskwQrUocVXP/XYJiKPEFNQnFr+4GfUVhwQ1IonFUGucWMiwkfYd9RzRO0YbE4dMYun DJkcWpcaWIL9fdEwRNrp0nkOhNOY7vuzcX/vH5O8U1YSJ3lhFosF8W5YpSy+ddsKA0KUlNHuDDS3crEmBsuyGVTcSEE6y9vks5VI/AbQcuHMpzBOVxCANdwC/fQhDYI QHiBN3j3nrxX72MZV8lb5XYKf+B9/gCWq4uB</latexit><latexit sha1_base64="tnntUTxXcxOWd0f4qj9iCThv/j4=">AAAB3XicbVDL SgNBEOyNrxijRq9eBoPgKex60aPgxWMC5gHJIrOT3mTM7Owy0yuEJV/gxYMi/pY3/8bJ46CJBQ1FVTfdXVGmpCXf//ZKW9s7u3vl/cpB9fDouHZS7dg0NwLbIlWp6UX copIa2yRJYS8zyJNIYTea3M397jMaK1P9QNMMw4SPtIyl4OSkVvOxVvcb/gJskwQrUocVXP/XYJiKPEFNQnFr+4GfUVhwQ1IonFUGucWMiwkfYd9RzRO0YbE4dMYun DJkcWpcaWIL9fdEwRNrp0nkOhNOY7vuzcX/vH5O8U1YSJ3lhFosF8W5YpSy+ddsKA0KUlNHuDDS3crEmBsuyGVTcSEE6y9vks5VI/AbQcuHMpzBOVxCANdwC/fQhDYI QHiBN3j3nrxX72MZV8lb5XYKf+B9/gCWq4uB</latexit><latexit sha1_base64="XnW/X7TDMpuoFcQG2IPMeXVcIkQ=">AAAB6HicbVDL SgMxFL3js9ZX1aWbYBFclYwbuyy4cdmCfUA7SCa908ZmMkOSEcrQL3DjQhG3fpI7/8a0nYW2HggczjmX3HvCVApjKf32Nja3tnd2S3vl/YPDo+PKyWnHJJnm2OaJTHQ vZAalUNi2wkrspRpZHErshpPbud99Qm1Eou7tNMUgZiMlIsGZdVKr+VCp0hpdgKwTvyBVKODyX4NhwrMYleWSGdP3aWqDnGkruMRZeZAZTBmfsBH2HVUsRhPki0Vn5 NIpQxIl2j1lyUL9PZGz2JhpHLpkzOzYrHpz8T+vn9moHuRCpZlFxZcfRZkkNiHzq8lQaORWTh1hXAu3K+Fjphm3rpuyK8FfPXmddK5rPq35LVpt1Is6SnAOF3AFPtxA A+6gCW3ggPAMr/DmPXov3rv3sYxueMXMGfyB9/kDpVeMxg==</latexit><latexit sha1_base64="hKSgFSD7v8QS+Xn0xIkMciP3fvA=">AAAB6HicbVDL SsNAFL2pr1pfVZduBovgqiQi2GXBjcsW7APaIJPpTTt2MgkzE6GEfoEbF4q49ZPc+TdO2iy09cDA4ZxzmXtPkAiujet+O6WNza3tnfJuZW//4PCoenzS1XGqGHZYLGL VD6hGwSV2DDcC+4lCGgUCe8H0Nvd7T6g0j+W9mSXoR3QsecgZNVZqtx6qNbfuLkDWiVeQGhSw+a/hKGZphNIwQbUeeG5i/Iwqw5nAeWWYakwom9IxDiyVNELtZ4tF5 +TCKiMSxso+achC/T2R0UjrWRTYZETNRK96ufifN0hN2PAzLpPUoGTLj8JUEBOT/Goy4gqZETNLKFPc7krYhCrKjO2mYkvwVk9eJ92ruufWvfZ1rdko6ijDGZzDJXhw A024gxZ0gAHCM7zCm/PovDjvzscyWnKKmVP4A+fzB6aXjMo=</latexit><latexit sha1_base64="hKSgFSD7v8QS+Xn0xIkMciP3fvA=">AAAB6HicbVDL SsNAFL2pr1pfVZduBovgqiQi2GXBjcsW7APaIJPpTTt2MgkzE6GEfoEbF4q49ZPc+TdO2iy09cDA4ZxzmXtPkAiujet+O6WNza3tnfJuZW//4PCoenzS1XGqGHZYLGL VD6hGwSV2DDcC+4lCGgUCe8H0Nvd7T6g0j+W9mSXoR3QsecgZNVZqtx6qNbfuLkDWiVeQGhSw+a/hKGZphNIwQbUeeG5i/Iwqw5nAeWWYakwom9IxDiyVNELtZ4tF5 +TCKiMSxso+achC/T2R0UjrWRTYZETNRK96ufifN0hN2PAzLpPUoGTLj8JUEBOT/Goy4gqZETNLKFPc7krYhCrKjO2mYkvwVk9eJ92ruufWvfZ1rdko6ijDGZzDJXhw A024gxZ0gAHCM7zCm/PovDjvzscyWnKKmVP4A+fzB6aXjMo=</latexit><latexit sha1_base64="hKSgFSD7v8QS+Xn0xIkMciP3fvA=">AAAB6HicbVDL SsNAFL2pr1pfVZduBovgqiQi2GXBjcsW7APaIJPpTTt2MgkzE6GEfoEbF4q49ZPc+TdO2iy09cDA4ZxzmXtPkAiujet+O6WNza3tnfJuZW//4PCoenzS1XGqGHZYLGL VD6hGwSV2DDcC+4lCGgUCe8H0Nvd7T6g0j+W9mSXoR3QsecgZNVZqtx6qNbfuLkDWiVeQGhSw+a/hKGZphNIwQbUeeG5i/Iwqw5nAeWWYakwom9IxDiyVNELtZ4tF5 +TCKiMSxso+achC/T2R0UjrWRTYZETNRK96ufifN0hN2PAzLpPUoGTLj8JUEBOT/Goy4gqZETNLKFPc7krYhCrKjO2mYkvwVk9eJ92ruufWvfZ1rdko6ijDGZzDJXhw A024gxZ0gAHCM7zCm/PovDjvzscyWnKKmVP4A+fzB6aXjMo=</latexit><latexit sha1_base64="hKSgFSD7v8QS+Xn0xIkMciP3fvA=">AAAB6HicbVDL SsNAFL2pr1pfVZduBovgqiQi2GXBjcsW7APaIJPpTTt2MgkzE6GEfoEbF4q49ZPc+TdO2iy09cDA4ZxzmXtPkAiujet+O6WNza3tnfJuZW//4PCoenzS1XGqGHZYLGL VD6hGwSV2DDcC+4lCGgUCe8H0Nvd7T6g0j+W9mSXoR3QsecgZNVZqtx6qNbfuLkDWiVeQGhSw+a/hKGZphNIwQbUeeG5i/Iwqw5nAeWWYakwom9IxDiyVNELtZ4tF5 +TCKiMSxso+achC/T2R0UjrWRTYZETNRK96ufifN0hN2PAzLpPUoGTLj8JUEBOT/Goy4gqZETNLKFPc7krYhCrKjO2mYkvwVk9eJ92ruufWvfZ1rdko6ijDGZzDJXhw A024gxZ0gAHCM7zCm/PovDjvzscyWnKKmVP4A+fzB6aXjMo=</latexit><latexit sha1_base64="hKSgFSD7v8QS+Xn0xIkMciP3fvA=">AAAB6HicbVDL SsNAFL2pr1pfVZduBovgqiQi2GXBjcsW7APaIJPpTTt2MgkzE6GEfoEbF4q49ZPc+TdO2iy09cDA4ZxzmXtPkAiujet+O6WNza3tnfJuZW//4PCoenzS1XGqGHZYLGL VD6hGwSV2DDcC+4lCGgUCe8H0Nvd7T6g0j+W9mSXoR3QsecgZNVZqtx6qNbfuLkDWiVeQGhSw+a/hKGZphNIwQbUeeG5i/Iwqw5nAeWWYakwom9IxDiyVNELtZ4tF5 +TCKiMSxso+achC/T2R0UjrWRTYZETNRK96ufifN0hN2PAzLpPUoGTLj8JUEBOT/Goy4gqZETNLKFPc7krYhCrKjO2mYkvwVk9eJ92ruufWvfZ1rdko6ijDGZzDJXhw A024gxZ0gAHCM7zCm/PovDjvzscyWnKKmVP4A+fzB6aXjMo=</latexit><latexit sha1_base64="hKSgFSD7v8QS+Xn0xIkMciP3fvA=">AAAB6HicbVDL SsNAFL2pr1pfVZduBovgqiQi2GXBjcsW7APaIJPpTTt2MgkzE6GEfoEbF4q49ZPc+TdO2iy09cDA4ZxzmXtPkAiujet+O6WNza3tnfJuZW//4PCoenzS1XGqGHZYLGL VD6hGwSV2DDcC+4lCGgUCe8H0Nvd7T6g0j+W9mSXoR3QsecgZNVZqtx6qNbfuLkDWiVeQGhSw+a/hKGZphNIwQbUeeG5i/Iwqw5nAeWWYakwom9IxDiyVNELtZ4tF5 +TCKiMSxso+achC/T2R0UjrWRTYZETNRK96ufifN0hN2PAzLpPUoGTLj8JUEBOT/Goy4gqZETNLKFPc7krYhCrKjO2mYkvwVk9eJ92ruufWvfZ1rdko6ijDGZzDJXhw A024gxZ0gAHCM7zCm/PovDjvzscyWnKKmVP4A+fzB6aXjMo=</latexit>
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Figure 2: Cantilever beam geometry and coordinate system with l =
20mm, h = 10mm, t = 5mm, E = 200GPa, P = 2kN, ν = 0.3, and
I = th
3
12 .
Measurements were simulated from this strain field
at 24 points using (10) with the standard measure-
ment directions κ1,κ2, and κ3. A gauge volume size
of 2 × 2 mm was used and the measurements were cor-
rupted by zero-mean Gaussian noise of standard devia-
tion σm = 5 × 10−5.
The strain fields resulting from a natural neigh-
bour interpolation (which is C1 continuous) and linear
extrapolation of the measurements using MATLAB’s
scatteredInterpolant function are shown in Fig-
ure 3 alongside results inferred through the GP method.
In the GP method, Zero-traction constraints were en-
forced at 100 points along the top and bottom of the
beam where there is no external loading. In the xx com-
ponent the interpolation has a relative error of 29.3%
while the GP has a relative error of 12.7%. Over all
components the interpolation has a relative error of
5.1% while the GP has a relative error of 2.6%.
A measure of how well the interpolated strain field
represents a physical strain field can be provided using
the equilibrium constraints. Assuming plane stress, we
can write the equilibrium constraints as;
C1 =
∂
∂x
(xx + νyy) +
∂
∂y
(1 − ν)xy = 0
C2 =
∂
∂x
(1 − ν)xy + ∂
∂y
(yy + νxx) = 0
(15)
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Figure 3: (Left) Theory (Saint-Venant) strain field with measurement gauge volumes. (Centre) Natural neighbour interpolation and linear extrapo-
lation using MATLABS’s scatteredInterpolant function. (Right) strain fields inferred using GP regression method.
C1 and C2 were calculated for the interpolated strain
field using a central difference approximation and are
shown in Figure 4. Significant violation of these con-
straints can be observed. In contrast, the strain field in-
ferred using the GP method automatically satisfies these
constraints.
The feasibility of the interpolated strain field can also
be assessed by calculating the equivalent tractions along
the top and bottom of the beam. The resulting trac-
tions are shown in Figure 4. These tractions should be
zero, however, the interpolated strain field has equiva-
lent tractions with magnitudes up to 42Mpa. As before,
the GP strain field has been constrained to satisfy this
condition, whereas it is not possible to apply these con-
straints to conventional interpolation methods, such as
MATLAB’s scatteredInterpolant.
3.2. EXPERIMENTAL
The GP regression method was applied to measure-
ments from the KOWARI constant wavelength strain-
diffractometer at the Australian Centre for Neutron
Scattering within the Australian Nuclear Science and
Technology Organisation (ANSTO) [6, 7, 8]. Diffrac-
tion strain measurements were taken from the residual
strain field within an EN26 steel crushed ring formed
by plastically deforming a hollow cylinder. This sam-
ple was initially heat treated to relieve residual stress,
giving a final hardness of 290 HV. It was then plasti-
cally deformed by 1.5 mm using approximately 8.4 kN
of load as shown in Figure 5.
Two sets of measurements were made; a detailed
and a coarse set, again as shown in Figure 5. Both
sets were based on the relative movement of the (211)
Figure 4: Violation of physical properties by the Interpolated strain
field. (Top and Centre) Equilibrium constraint violations; (Bottom)
Equivalent boundary tractions calculated along the top and bottom of
the beam.
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diffraction peak measured using neutrons of wavelength
λ = 1.67 Å (i.e. 90◦ geometry). For the detailed set, 174
measurement locations and a gauge volume of 0.5×0.5×
14 mm was used. For the coarse set, 87 measurement lo-
cations and a gauge volume of 2× 2× 14 mm was used.
For both sets, three measurement directions were used
at each location; κ1 = [1, 0, 0]T , κ2 = [0, 1, 0]T , and
κ3 =
[
1√
2
, 1√
2
, 0
]T
. These directions were chosen so that
the measured volumetric strains could be easily mapped
to the strain components for the more traditional point-
based interpolation approach; xx = κ1 , yy = κ2 , and
xy = κ3 − 12
(
κ1 + κ2
)
. Sampling times were based on
achieving measurement uncertainty with standard devi-
ation σm = 7 × 10−5. This required approximately fif-
teen hours per measurement direction for the detailed
set and approximately 1.25 hours per measurement di-
rection for the coarse set.
    
  
   
    
  
10
23
1.5
Figure 5: (Left) The crushed ring sample geometry (dimensions are
in mm) and (Centre and Right) experiment gauge volumes for the
two measurement sets. Gauge volumes are shown for measurement
directions κ = [1 0]T and κ = [0 1]T , for measurement direction
κ =
[
1√
2
1√
2
]T
the gauge volumes are rotated by 45◦.
Strain fields generated using the MATLAB
scatteredInterpolant intrinsic function and
the GP method are shown in Figure 7. For the GP
method, zero-traction measurements were included at
200 points on both the interior and exterior bound-
aries. Although the two approaches only provide an
interpretation of the KOWARI measurements, the
strain fields generated from the detailed set should
be considered closer to the truth than those generated
from the coarse set. Table 6 provides a comparison
of the mean of the difference between these fields.
Regardless of which method we compare to, the strain
field generated from the coarse set using the GP method
shows closer agreement to the detailed set than the
interpolated strain field. In particular, for the xx
component the scatteredInterpolant function has
created concentrations of tension that extend to the top
and bottom boundary rather than the arc of tension
slightly removed from the boundary seen in the detailed
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Figure 6: Comparison of the absolute difference between the strain
fields, ∆ = |E1 − E2 |. Strain fields generated from the detailed and
coarse sets using both natural neighbour interpolation (Interp) and the
GP method are compared. The mean and maximum of the absolute
difference are provided. All values are ×10−4.
sets.
If we consider the detailed strain field inferred from
the GP to be the closest to the truth, then Table 6 would
suggest that the GP method allows us to estimate the
strain field from the coarse set at least as well as a near-
est neighbour interpolation from the detailed set.
The violation of constraints calculated from (15) and
(8) for the interpolated strain field are shown in Fig-
ure 8. The equivalent tractions have a maximum magni-
tude in excess of 240 MPa for detailed measurement set
and 360 MPa for the coarse measurement set. In con-
trast the strain fields generated using the GP method au-
tomatically satisfy both these conditions.
4. CONCLUSION
A novel method for inferring strain fields from
diffraction-based strain measurements is proposed.
These estimated strain fields implicitly satisfy equilib-
rium, ensuring their physical feasibility. In contrast to
traditional interpolation methods which treat the mea-
surements as point-wise this GP based approach cor-
rectly relates the measurements to the average estimated
strain within a gauge volume. This improves the es-
timate accuracy when large and/or overlapping gauge
volumes are used. Furthermore, multiple data sets using
different size gauge volumes, measurement locations,
and measurement uncertainty can be combined. Addi-
tionally, including boundary tractions improves the ac-
curacy of the method close to the sample boundaries and
outside of the measurement locations.
8
Figure 7: Strain fields generated from both experimental measurement sets using natural neighbour interpolation with linear extrapolation compared
to the GP method. (Left) Detailed measurement set containing measurements at 174 locations with a gauge volume of 0.5 × 0.5 × 14 mm. (Right)
Coarse measurement set containing measurements at 87 locations with a gauge volume of 2 × 2 × 14 mm.
Figure 8: Violation of physical properties calculated from strain fields generated using natural neighbour interpolation with linear extrapolation.
(Top and Centre) Equilibrium constraint violations. (Bottom) Equivalent tractions calculated on unloaded surfaces.
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This method was compared to strain fields generated
using natural neighbour interpolation and linear extrap-
olation on both simulated and experimental data sets.
For these interpolated fields it was shown that the phys-
ical properties of equilibrium and zero tractions on the
boundary were not satisfied. In simulation, the GP ap-
proach demonstrated much greater accuracy from a lim-
ited data set created with large gauge volumes. Experi-
mentally, the coarse GP was able to achieve results with
greater agreement to the detailed sets than the interpola-
tion. The results indicate that the GP method allows for
larger gauge volumes to be used while still achieving
estimates comparable to an interpolation with smaller
gauge volumes, allowing for a reduction in beam-time.
For instance, in our experiment the GP method was able
to provide more or less equivalent results on a data set
that required less than 10% of the beam time used for
the detailed mapping.
The method presented in this paper is suitable for
continuous planar biaxial strain fields under the assump-
tion of plane stress. For discontinuous strain fields (i.e.
the extreme case of the ring and plug) a mixture of ex-
perts model [23], conceptually similar to using a dif-
ferent GP for each sub-domain, could be used to pro-
vide good results. Inference of strain fields assuming
plane strain requires only minor changes with Hooke’s
law under the assumption of plane strain substituted for
Hooke’s law under the assumption of plane stress. Fu-
ture work will include the development of a software
toolbox and the extension of this method to triaxial
strain fields for which the Beltrami stress functions (as
opposed to Airy) are appropriate.
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Appendix A. APPROXIMATION METHOD EX-
PRESSIONS
The following provides more complete expressions
for the equations given in Section 2.4.
As stated in Section 2.2 the target strain field is re-
lated to the scalar Airy’s stress functions via (6). Ap-
plying this linear transformation to the basis functions
chosen for the Airy’s stress function (13) results in ba-
sis functions for the strain field that implicitly satisfy
equilibrium;
φ, j(x) = Vxφ j(x) =

∂2
∂y2 − ν ∂
2
∂x2
(1 + ν) ∂
2
∂x∂y
∂2
∂x2 − ν ∂
2
∂y2
 φ j(x),
where the second derivatives of the scalar basis func-
tions are
∂2
∂x2
φ j(x) =
−λ2x, j√
LxLy
sin(λx, j(x + Lx)) sin(λy, j(y + Ly)),
∂2
∂y2
φ j(x) =
−λ2y, j√
LxLy
sin(λx, j(x + Lx)) sin(λy, j(y + Ly)),
∂2
∂x∂y
φ j(x) =
λy, jλx, j√
LxLy
cos(λx, j(x + Lx)) cos(λy, j(y + Ly)).
Section 2.2 also states that this strain field can be related
to surface tractions via the linear mapping (8), which
can be used to determine basis functions for the traction
constraints;
φT, j(x) = Cφ, j(x)
φT, j(x) =
[
n1 n2 0
0 n1 n2
]
E
1 − ν2
1 0 ν0 1 − ν 0
ν 0 1
 φ, j(x)
Section 2.3 states that the diffraction measurements
can be related to the strain field via the linear mapping
(10). Basis functions for the measurements are given
by applying this mapping to the basis functions for the
strain field;
φd, j(ηi) = Lxηiφ, j(x) =
d0κ¯
V
∫
G
φ, j(x) dV
For planar problems we define the gauge volume ge-
ometry as per Figure A.9. This allows the integral over
the gauge volume to be written;
d0κ¯
V
∫
G
φ, j(x) dV =
d0κ¯
abuˆ × vˆ
a∫
0
b∫
0
φ, j(x(s, q)) ds dq
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<latexit sha1_base64="mOB DKUHTWo3CayXuVds7o7s1PD0=">AAAB7nicbVBNS8NAEJ34W etX1aOXxSJ4KomIeix48VjBfkAbymS7aZdsNsvuRiihP8KLB 0W8+nu8+W9M2hy09cHA470ZZuYFSnBjXffbWVvf2NzaruxUd /f2Dw5rR8cdk6SasjZNRKJ7ARomuGRty61gPaUZxoFg3SC6K /zuE9OGJ/LRThXzYxxLHnKKNpe6gwiVwuqwVncb7hxklXglq UOJ1rD2NRglNI2ZtFSgMX3PVdbPUFtOBZtVB6lhCmmEY9bPq cSYGT+bnzsj57kyImGi85KWzNXfExnGxkzjIO+M0U7MsleI/ 3n91Ia3fsalSi2TdLEoTAWxCSl+JyOuGbVimhOkmue3EjpBj dTmCRUheMsvr5LOZcNzG97DVb15XcZRgVM4gwvw4AaacA8ta AOFCJ7hFd4c5bw4787HonXNKWdO4A+czx/JD48n</latexit ><latexit sha1_base64="mOB DKUHTWo3CayXuVds7o7s1PD0=">AAAB7nicbVBNS8NAEJ34W etX1aOXxSJ4KomIeix48VjBfkAbymS7aZdsNsvuRiihP8KLB 0W8+nu8+W9M2hy09cHA470ZZuYFSnBjXffbWVvf2NzaruxUd /f2Dw5rR8cdk6SasjZNRKJ7ARomuGRty61gPaUZxoFg3SC6K /zuE9OGJ/LRThXzYxxLHnKKNpe6gwiVwuqwVncb7hxklXglq UOJ1rD2NRglNI2ZtFSgMX3PVdbPUFtOBZtVB6lhCmmEY9bPq cSYGT+bnzsj57kyImGi85KWzNXfExnGxkzjIO+M0U7MsleI/ 3n91Ia3fsalSi2TdLEoTAWxCSl+JyOuGbVimhOkmue3EjpBj dTmCRUheMsvr5LOZcNzG97DVb15XcZRgVM4gwvw4AaacA8ta AOFCJ7hFd4c5bw4787HonXNKWdO4A+czx/JD48n</latexit ><latexit sha1_base64="mOB DKUHTWo3CayXuVds7o7s1PD0=">AAAB7nicbVBNS8NAEJ34W etX1aOXxSJ4KomIeix48VjBfkAbymS7aZdsNsvuRiihP8KLB 0W8+nu8+W9M2hy09cHA470ZZuYFSnBjXffbWVvf2NzaruxUd /f2Dw5rR8cdk6SasjZNRKJ7ARomuGRty61gPaUZxoFg3SC6K /zuE9OGJ/LRThXzYxxLHnKKNpe6gwiVwuqwVncb7hxklXglq UOJ1rD2NRglNI2ZtFSgMX3PVdbPUFtOBZtVB6lhCmmEY9bPq cSYGT+bnzsj57kyImGi85KWzNXfExnGxkzjIO+M0U7MsleI/ 3n91Ia3fsalSi2TdLEoTAWxCSl+JyOuGbVimhOkmue3EjpBj dTmCRUheMsvr5LOZcNzG97DVb15XcZRgVM4gwvw4AaacA8ta AOFCJ7hFd4c5bw4787HonXNKWdO4A+czx/JD48n</latexit ><latexit sha1_base64="mOB DKUHTWo3CayXuVds7o7s1PD0=">AAAB7nicbVBNS8NAEJ34W etX1aOXxSJ4KomIeix48VjBfkAbymS7aZdsNsvuRiihP8KLB 0W8+nu8+W9M2hy09cHA470ZZuYFSnBjXffbWVvf2NzaruxUd /f2Dw5rR8cdk6SasjZNRKJ7ARomuGRty61gPaUZxoFg3SC6K /zuE9OGJ/LRThXzYxxLHnKKNpe6gwiVwuqwVncb7hxklXglq UOJ1rD2NRglNI2ZtFSgMX3PVdbPUFtOBZtVB6lhCmmEY9bPq cSYGT+bnzsj57kyImGi85KWzNXfExnGxkzjIO+M0U7MsleI/ 3n91Ia3fsalSi2TdLEoTAWxCSl+JyOuGbVimhOkmue3EjpBj dTmCRUheMsvr5LOZcNzG97DVb15XcZRgVM4gwvw4AaacA8ta AOFCJ7hFd4c5bw4787HonXNKWdO4A+czx/JD48n</latexit >
wi
<latexit sha1_base64="VqZ S5/qtTw4nqG2CBlJf8n9vAQc=">AAAB6nicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEqseCF48V7Qe0oWy2k3bpZhN2N0oJ/QleP Cji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2a Wd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Z ua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCO Rr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKG qH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif1 01NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUG ZtOyYbgLb+8SloXVc+teneXlXotj6MIJ3AK5+DBFdThFhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1tujcs=</latexit ><latexit sha1_base64="VqZ S5/qtTw4nqG2CBlJf8n9vAQc=">AAAB6nicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEqseCF48V7Qe0oWy2k3bpZhN2N0oJ/QleP Cji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2a Wd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Z ua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCO Rr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKG qH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif1 01NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUG ZtOyYbgLb+8SloXVc+teneXlXotj6MIJ3AK5+DBFdThFhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1tujcs=</latexit ><latexit sha1_base64="VqZ S5/qtTw4nqG2CBlJf8n9vAQc=">AAAB6nicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEqseCF48V7Qe0oWy2k3bpZhN2N0oJ/QleP Cji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2a Wd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Z ua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCO Rr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKG qH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif1 01NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUG ZtOyYbgLb+8SloXVc+teneXlXotj6MIJ3AK5+DBFdThFhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1tujcs=</latexit ><latexit sha1_base64="VqZ S5/qtTw4nqG2CBlJf8n9vAQc=">AAAB6nicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEqseCF48V7Qe0oWy2k3bpZhN2N0oJ/QleP Cji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2a Wd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Z ua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCO Rr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKG qH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif1 01NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUG ZtOyYbgLb+8SloXVc+teneXlXotj6MIJ3AK5+DBFdThFhrQB AZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1tujcs=</latexit >
wd
<latexit sha1_base64="Cqb HMOtjXNCi15DLjm6qCXFASEA=">AAAB6nicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE1GPBi8eKthbaUDabSbt0swm7G6WE/gQvH hTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6Rnmzs rW9s7tX3T9o6yRTDFssEYnqBFSj4BJbhhuBnVQhjQOBD8Hoe uo/PKLSPJH3ZpyiH9OB5BFn1Fjp7qkf9qs1t+7OQJaJV5AaF Gj2q1+9MGFZjNIwQbXuem5q/Jwqw5nASaWXaUwpG9EBdi2VN Ebt57NTJ+TEKiGJEmVLGjJTf0/kNNZ6HAe2M6ZmqBe9qfif1 81MdOXnXKaZQcnmi6JMEJOQ6d8k5AqZEWNLKFPc3krYkCrKj E2nYkPwFl9eJu2zuufWvdvzWuOiiKMMR3AMp+DBJTTgBprQA gYDeIZXeHOE8+K8Ox/z1pJTzBzCHzifP1PajcY=</latexit ><latexit sha1_base64="Cqb HMOtjXNCi15DLjm6qCXFASEA=">AAAB6nicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE1GPBi8eKthbaUDabSbt0swm7G6WE/gQvH hTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6Rnmzs rW9s7tX3T9o6yRTDFssEYnqBFSj4BJbhhuBnVQhjQOBD8Hoe uo/PKLSPJH3ZpyiH9OB5BFn1Fjp7qkf9qs1t+7OQJaJV5AaF Gj2q1+9MGFZjNIwQbXuem5q/Jwqw5nASaWXaUwpG9EBdi2VN Ebt57NTJ+TEKiGJEmVLGjJTf0/kNNZ6HAe2M6ZmqBe9qfif1 81MdOXnXKaZQcnmi6JMEJOQ6d8k5AqZEWNLKFPc3krYkCrKj E2nYkPwFl9eJu2zuufWvdvzWuOiiKMMR3AMp+DBJTTgBprQA gYDeIZXeHOE8+K8Ox/z1pJTzBzCHzifP1PajcY=</latexit ><latexit sha1_base64="Cqb HMOtjXNCi15DLjm6qCXFASEA=">AAAB6nicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE1GPBi8eKthbaUDabSbt0swm7G6WE/gQvH hTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6Rnmzs rW9s7tX3T9o6yRTDFssEYnqBFSj4BJbhhuBnVQhjQOBD8Hoe uo/PKLSPJH3ZpyiH9OB5BFn1Fjp7qkf9qs1t+7OQJaJV5AaF Gj2q1+9MGFZjNIwQbXuem5q/Jwqw5nASaWXaUwpG9EBdi2VN Ebt57NTJ+TEKiGJEmVLGjJTf0/kNNZ6HAe2M6ZmqBe9qfif1 81MdOXnXKaZQcnmi6JMEJOQ6d8k5AqZEWNLKFPc3krYkCrKj E2nYkPwFl9eJu2zuufWvdvzWuOiiKMMR3AMp+DBJTTgBprQA gYDeIZXeHOE8+K8Ox/z1pJTzBzCHzifP1PajcY=</latexit ><latexit sha1_base64="Cqb HMOtjXNCi15DLjm6qCXFASEA=">AAAB6nicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE1GPBi8eKthbaUDabSbt0swm7G6WE/gQvH hTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6Rnmzs rW9s7tX3T9o6yRTDFssEYnqBFSj4BJbhhuBnVQhjQOBD8Hoe uo/PKLSPJH3ZpyiH9OB5BFn1Fjp7qkf9qs1t+7OQJaJV5AaF Gj2q1+9MGFZjNIwQbXuem5q/Jwqw5nASaWXaUwpG9EBdi2VN Ebt57NTJ+TEKiGJEmVLGjJTf0/kNNZ6HAe2M6ZmqBe9qfif1 81MdOXnXKaZQcnmi6JMEJOQ6d8k5AqZEWNLKFPc3krYkCrKj E2nYkPwFl9eJu2zuufWvdvzWuOiiKMMR3AMp+DBJTTgBprQA gYDeIZXeHOE8+K8Ox/z1pJTzBzCHzifP1PajcY=</latexit >
a
<latexit sha1_base64="IqJ 99OlZRWf78vj3mFDxfaG7V5w=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0 t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3 dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0B uWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7 WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+Xm vDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m 5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGC M/wCm/Oo/PivDsfy9aCk8+cwh84nz+/wYzZ</latexit><latexit sha1_base64="IqJ 99OlZRWf78vj3mFDxfaG7V5w=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0 t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3 dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0B uWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7 WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+Xm vDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m 5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGC M/wCm/Oo/PivDsfy9aCk8+cwh84nz+/wYzZ</latexit><latexit sha1_base64="IqJ 99OlZRWf78vj3mFDxfaG7V5w=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0 t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3 dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0B uWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7 WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+Xm vDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m 5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGC M/wCm/Oo/PivDsfy9aCk8+cwh84nz+/wYzZ</latexit><latexit sha1_base64="IqJ 99OlZRWf78vj3mFDxfaG7V5w=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0 t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3 dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0B uWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7 WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+Xm vDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m 5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGC M/wCm/Oo/PivDsfy9aCk8+cwh84nz+/wYzZ</latexit>
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<latexit sha1_base64="fGK UbqIx348Gf6ALkTe87S41W2k=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0 t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3 dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoD Mpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2 s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vN eGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsN iUbgrf68jppX1U9t+o1ryv1Wh5HEc7gHC7Bgxuowz00oAUME J7hFd6cR+fFeXc+lq0FJ585hT9wPn8AwUWM2g==</latexit ><latexit sha1_base64="fGK UbqIx348Gf6ALkTe87S41W2k=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0 t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3 dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoD Mpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2 s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vN eGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsN iUbgrf68jppX1U9t+o1ryv1Wh5HEc7gHC7Bgxuowz00oAUME J7hFd6cR+fFeXc+lq0FJ585hT9wPn8AwUWM2g==</latexit ><latexit sha1_base64="fGK UbqIx348Gf6ALkTe87S41W2k=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0 t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3 dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoD Mpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2 s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vN eGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsN iUbgrf68jppX1U9t+o1ryv1Wh5HEc7gHC7Bgxuowz00oAUME J7hFd6cR+fFeXc+lq0FJ585hT9wPn8AwUWM2g==</latexit ><latexit sha1_base64="fGK UbqIx348Gf6ALkTe87S41W2k=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0 t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3 dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoD Mpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2 s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vN eGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsN iUbgrf68jppX1U9t+o1ryv1Wh5HEc7gHC7Bgxuowz00oAUME J7hFd6cR+fFeXc+lq0FJ585hT9wPn8AwUWM2g==</latexit >
uˆ
<latexit sha1 _base64="zrTCHpazDNFDhit 7K2ZKE7L7ezM=">AAAB+Xicb VDLSsNAFL2pr1pfUZduBovgq iQi6rLgxmUF+4AmlMl00g6dP Ji5KZTQP3HjQhG3/ok7/8ZJm 4W2Hhg4nHMv98wJUik0Os63V dnY3Nreqe7W9vYPDo/s45OOT jLFeJslMlG9gGouRczbKFDyX qo4jQLJu8HkvvC7U660SOInn KXcj+goFqFgFI00sG1vTDH3I orjIMyz+Xxg152GswBZJ25J6 lCiNbC/vGHCsojHyCTVuu86K fo5VSiY5POal2meUjahI943N KYR136+SD4nF0YZkjBR5sVIF urvjZxGWs+iwEwWEfWqV4j/e f0Mwzs/F3GaIY/Z8lCYSYIJK WogQ6E4QzkzhDIlTFbCxlRRh qasminBXf3yOulcNVyn4T5e1 5s3ZR1VOINzuAQXbqEJD9CCN jCYwjO8wpuVWy/Wu/WxHK1Y5 c4p/IH1+QNN15QL</latexit ><latexit sha1 _base64="zrTCHpazDNFDhit 7K2ZKE7L7ezM=">AAAB+Xicb VDLSsNAFL2pr1pfUZduBovgq iQi6rLgxmUF+4AmlMl00g6dP Ji5KZTQP3HjQhG3/ok7/8ZJm 4W2Hhg4nHMv98wJUik0Os63V dnY3Nreqe7W9vYPDo/s45OOT jLFeJslMlG9gGouRczbKFDyX qo4jQLJu8HkvvC7U660SOInn KXcj+goFqFgFI00sG1vTDH3I orjIMyz+Xxg152GswBZJ25J6 lCiNbC/vGHCsojHyCTVuu86K fo5VSiY5POal2meUjahI943N KYR136+SD4nF0YZkjBR5sVIF urvjZxGWs+iwEwWEfWqV4j/e f0Mwzs/F3GaIY/Z8lCYSYIJK WogQ6E4QzkzhDIlTFbCxlRRh qasminBXf3yOulcNVyn4T5e1 5s3ZR1VOINzuAQXbqEJD9CCN jCYwjO8wpuVWy/Wu/WxHK1Y5 c4p/IH1+QNN15QL</latexit ><latexit sha1 _base64="zrTCHpazDNFDhit 7K2ZKE7L7ezM=">AAAB+Xicb VDLSsNAFL2pr1pfUZduBovgq iQi6rLgxmUF+4AmlMl00g6dP Ji5KZTQP3HjQhG3/ok7/8ZJm 4W2Hhg4nHMv98wJUik0Os63V dnY3Nreqe7W9vYPDo/s45OOT jLFeJslMlG9gGouRczbKFDyX qo4jQLJu8HkvvC7U660SOInn KXcj+goFqFgFI00sG1vTDH3I orjIMyz+Xxg152GswBZJ25J6 lCiNbC/vGHCsojHyCTVuu86K fo5VSiY5POal2meUjahI943N KYR136+SD4nF0YZkjBR5sVIF urvjZxGWs+iwEwWEfWqV4j/e f0Mwzs/F3GaIY/Z8lCYSYIJK WogQ6E4QzkzhDIlTFbCxlRRh qasminBXf3yOulcNVyn4T5e1 5s3ZR1VOINzuAQXbqEJD9CCN jCYwjO8wpuVWy/Wu/WxHK1Y5 c4p/IH1+QNN15QL</latexit ><latexit sha1 _base64="zrTCHpazDNFDhit 7K2ZKE7L7ezM=">AAAB+Xicb VDLSsNAFL2pr1pfUZduBovgq iQi6rLgxmUF+4AmlMl00g6dP Ji5KZTQP3HjQhG3/ok7/8ZJm 4W2Hhg4nHMv98wJUik0Os63V dnY3Nreqe7W9vYPDo/s45OOT jLFeJslMlG9gGouRczbKFDyX qo4jQLJu8HkvvC7U660SOInn KXcj+goFqFgFI00sG1vTDH3I orjIMyz+Xxg152GswBZJ25J6 lCiNbC/vGHCsojHyCTVuu86K fo5VSiY5POal2meUjahI943N KYR136+SD4nF0YZkjBR5sVIF urvjZxGWs+iwEwWEfWqV4j/e f0Mwzs/F3GaIY/Z8lCYSYIJK WogQ6E4QzkzhDIlTFbCxlRRh qasminBXf3yOulcNVyn4T5e1 5s3ZR1VOINzuAQXbqEJD9CCN jCYwjO8wpuVWy/Wu/WxHK1Y5 c4p/IH1+QNN15QL</latexit >
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Gauge
Volume
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Figure A.9: Gauge volume geometry for planar problem; wi is the
incoming collimator slit width, wd is the diffracted beam collimator
slit width, a and b are the side lengths of the gauge volume, uˆ is the
incoming beam direction, vˆ is the diffracted beam direction, κ is the
measurement direction, and 2θ is the diffraction angle.
where x(s, q) = [x0 + uˆ1s + vˆ1q, y0 + uˆ2s + vˆ2q] and
a∫
0
b∫
0
∂2
∂x2
φ j(x) ds dq =
λ2x, j [Γ1α1 + Γ2α2]
Γ3
a∫
0
b∫
0
∂2
∂y2
φ j(x) ds dq =
λ2y, j [Γ1α1 + Γ2α1]
Γ3
a∫
0
b∫
0
∂2
∂x∂y
φ j(x) ds dq =
−λx, jλy, j [Γ1α2 + Γ2α1]
Γ3
Γ1 = λx, jλy, j(uˆ2vˆ1 + uˆ1vˆ2)
Γ2 = λ
2
x, juˆ1vˆ1 + λ
2
y, juˆ2vˆ2
Γ3 =
√
LxLy(λx, juˆ1 − λy, juˆ2)(λx, juˆ1 + λy, juˆ2) . . .
(λx, jvˆ1 − λy, jvˆ2)(λx, jvˆ1 + λy, jvˆ2)
α1 = cos(λx, j(Lx + uˆ1s + vˆ1q + x0)) . . .
cos(λy, j(Ly + uˆ2s + vˆ2q + y0))
α2 = sin(λx, j(Lx + uˆ1s + vˆ1q + x0))
sin(λy, j(Ly + uˆ2s + vˆ2q + y0))
Appendix B. EXPRESSIONS FOR PARAMETER
OPTIMISATION
As discussed in Section 2.5 the optimal values for
θ = {σ f , lx, ly} can be found by maximising the marginal
log-likelihood L(θ). The following provides the ex-
pressions to calculate the L(θ) and its partial deriva-
tives when the approximation scheme presented in Sec-
tion 2.4 is used. Letting Q¯ = ΦdΣpΦTd + ΣN and
Z¯ = ΦTd Σ
−1
N Φd + Σ
−1
p
L(θ) = −1
2
log(Q¯) − 1
2
∆dT Q¯−1∆d,
log(Q¯) =
m∑
j=1
log(Σp, j j) +
N∑
i=1
log(ΣN,ii) + log(det(Z¯)),
∆dT Q¯−1∆d = ∆dTΣ−1n ∆d − ∆dTΣ−1n ΦdZ¯−1ΦTd Σ−1n ∆d,
where ∆d = d−d0 and the derivatives with respect to θk
are
∂L(θ)
∂θk
= −∂ log(Q¯)
∂θk
− ∂∆d
T Q¯−1∆d
∂θk
∂ log(Q¯)
∂θk
=
m∑
j=1
(
Σ−1p, j j
∂Σp, j j
∂θk
)
− trace
(
Z¯−1Σ−2p
∂Σp
∂θk
)
∂∆dT Q¯−1∆d
∂θk
= −∆dTΣ−1n ΦdZ¯−1
(
Σ−2p
∂Σp
∂θk
)
Z¯−1ΦTd Σ
−1
n ∆d
Algorithm 2 provides psuedo-code for a robust imple-
mentation of these expressions.
Algorithm 2: log-likelihood and derivatives
Input : Φ∗(Estimation basis functions),∆d
(measured difference), Φd (Measurement
basis functions), Σn (measurement
variance), Σp (basis spectral densities),
∂Σp
∂θk
(partial derivatives)
1 A :=
Σ−
1
2
n Φd(x)
Σ
− 12
p

2 R := qr(A)
3 C := R(1:m,1:m)
4 α := C\(CT \(Φd(x)TΣ−1n ∆d))
5 log(Q¯) :=∑m
j=1 log(Σp, j j) +
∑N
i=1 log(ΣN,ii) + 2
∑m
j=1 log(|C j j|)
6 ∆dT Q¯−1∆d := ∆dTΣ−1n ∆d − ∆dTΣ−1n Φdα
7 logL := − 12 log(Q¯) − 12 ∆dT Q¯−1∆d
8 for k ← 0 to length(θ) do
9
∂ log(Q¯)
∂θk
:=∑m
j=1
(
Σ−1p, j j
∂Σp, j j
∂θk
)
− trace
(
C\CT \
(
Σ−2p
∂Σp
∂θk
))
10
∂∆dT Q¯−1∆d
∂θk
:= −αT
(
Σ−2p
∂Σp
∂θk
)
α
11
∂L(θ)
∂θk
= − ∂ log(Q¯)
∂θk
− ∂∆dT Q¯−1∆d
∂θk
12 end
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